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In this paper we develop a formalism for working with representations of 
vertex and conformal algebras by generalized fields — formal power series 
involving non-integer powers of the variable. The main application of our 
technique is the construction of a large family of representations for the vertex 
superalgebra 23a corresponding to an integer lattice A. For an automorphism 
cf : 2Ja ~* coming from a finite order automorphism a : A — » A we find the 
conditions for existence of twisted modules of 23a ■ We show that the category 
of twisted representations of 2Ja is semisimple with finitely many isomorphism 
classes of simple objects. 
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INTRODUCTION 

One of the most fascinating features of vertex algebras is their "sensi- 
tivity" to finite order automorphisms. This is best illustrated by the con- 
struction of Moonshine representation of the Monster simple group [l^] . 

In general, vertex algebras are represented by formal power series, also 
called vertex operators, of the form 

a(z) = 5^o(n)z- n_1 , a(n) €gl{V), 

with coefficients in the algebra of linear operators on some space V. In 
this case V is a module over the vertex algebra. Having a finite order 
automorphism on a vertex algebra 21 means that there is a grading 21 = 
(D Agr 2l A on 21 by a finite cyclic group T. Assume that T C C/Z, then it 

* This research was conducted by the author for the Clay Mathematics Institute 
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is tempting to represent the vertex algebra 21 by the so-called twisted or 
generalized vertex operators, involving non-integer powers of z, so that an 
element a G 2l A is represented by series of the form 

a(z)= oi{n)z- n - 1 , a(n)egl(y). 

n=X mod Z 

This indeed could be done, and then V becomes a twisted module over 21. 
In fact this construction works for any group T c C/Z. 

The idea of twisted realizations of vertex algebras goes back to the work 
of Lepowsky and Wilson (2(J , who introduced the so-called twisted vertex 
operators. These operators were systematically studied in [Tri Jisfl. 
Twisted modules of vertex algebras were defined in || , see also p~7|, 
. Closely related is the theory of orbifolds — the invariant subalgebras 
of vertex algebras under an action of a finite group of automorphisms. 
Twisted representations of the vertex algebra yield ordinary (non-twisted) 
representations of its orbifold, see e.g. m [|. 

In this paper we develop a formalism for working with generalized vertex 
operators and use it to construct generalized representations of conformal 
and vertex algebras in a very general setting. Then we consider two appli- 
cations of this techniques. 

First we study realizations of conformal algebras by twisted formal series. 
Conformal algebras were introduced by Kac in the book , see also jl6|, 
p7| , p8| . They proved to be a valuable tool in studying vertex algebras, the 
relation between the former and the latter is somewhat like the relation 
between Lie and associative algebras. 

The second application is the construction of generalized representations 
of the vertex (super)algebra 03 a corresponding to an integer lattice A. Our 
result is similar to that of Dong and Lepowsky JjJ, but we use different 
techniques and get a slightly more general construction. Lattice vertex 
algebras were extensively studied in e.g. Q, |, 12, u| pl[ . They play a very 



important role in different areas of mathematics and physics, in particular 
the Moonshine vertex algebra V^, mentioned above, is closely related to the 
lattice vertex algebra of certain even unimodular lattice of rank 24, called 
the Leech lattice. In fact one needs to consider a twisted representation of 
the vertex algebra of the Leech lattice in order to construct the Moonshine 
vertex algebra. 

An automorphism a : A — * A of the lattice can be extended (in a non- 
unique way) to an automorphism a : 53 a - ► 23 a of the lattice vertex al- 
gebra. Our construction of generalized 23A-modules yields all reasonable 
twisted modules of 23 a corresponding to the grading by the root spaces of 
<?. It turns out that sometimes there is no twisted representation for either 
continuation of a. In this case the representations of the orbifold vertex 
algebra 23^ do not come from the twisted representation of 23a. 
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For an automorphism a : 03 a —> 03 a as above we define a category 0% 
of twisted representation, analogous to the category O of representations 
of Kac-Moody Lie algebras. All reasonable twisted QJA-modules, including 
those that satisfy a traditional definition of a module over a vertex operator 
algebra as in e.g. |l(| |l2), belong to Os. We prove that the category 0% is 
semisimple with finitely many isomorphism classes of simple objects, that 
is, every module V £ O3. is decomposed into a direct sum of irreducible 
submodules, and there are only finitely many irreducible modules, up to 
an isomorphism. This result has been also obtained recently by Bakalov, 
Kac and Todorov [pj. Some special cases were known before, for example 
the case when a = — 1 was studied by Dong and Nagatomo in || 0], the 
case when A is a simply-laced root lattice and a is an element of the Weyl 
group of corresponding affine Kac-Moody algebra was studied by Kac and 
Peterson [Et|. 



Organization of the manuscript. 
of conformal and vertex algebras, 
the books §, pj, ||. Then, in 



We start with giving formal definitions 
For more details the reader can consult 



1.2 



] 1.7 we discuss some properties of 
these algebras in the context of generalized formal series. In § [l.3| we derive 
a nice formula for the products of generalized series, which is probably 
new. In §1.5 we prove that conformal and vertex algebras are exactly the 



algebraic structures formed by generalized series with coefficients in a Lie 
algebra and generalized vertex operators respectively. For vertex algebras 
this was proved by Li [ p2| in a slightly less general setting and using different 
methods. For the non- twisted case this result is well known [pl| ^3| . 

In §^| we show how the approach developed in §|l] works for conformal 
algebras. As in the non-twisted case, there is a universal realization of 
a conformal algebra £ with coefficients in a certain Lie algebra Coeffr £• 
This Lie algebra can be constructed explicitly from £. In §2.2 we illustrate 



this by the example of an affine conformal algebra. Similar ideas appeared 
also in @. 

In §H we study generalized representations of lattice vertex superalgebra 
33a- After som e preliminary infor mat ion on represe ntat ions of Heisenberg 
algebras (§3.1) and Fock spaces (§3.2) we define in §3.3 the twisted vertex 
operators, first introduced by Lepowsky [p_9|. In §3.4 we show that these 



opera tors generate a representation of the lattice vertex algebra. 

In § |3.6| we show that we have in fact constructed all reasonable general- 
ized representations of lattice vertex algebras. The argument uses an idea 
of Lepowsky a nd Wilso n pjj , which was also used in j|, 0, |3 . 

Finally, in §3.7-§|3~8| we study the twisted representations of 33a, i.e. 
generalized representations, which are homogeneous with respect to the 
grading induced by an automorphism a of 23a- In §3.7 we find the con- 
ditions on generalized Q3A-module, constructed in § |3.4| , to be cr-twisted, 
while in §3.8 we define the category of twisted 23A-niodules and prove 
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that this category is semisimple with finitely many isomorphism classes of 
simple objects. 

The key idea is to show that the category 0„ is equivalent to the category 
of graded representations of certain graded associative algebra A, which 
turns out to be graded semisimple. This idea is similar to the idea of Zhu 
algebra, introduced by Zhu [p9) and then generalized for the twisted case 
by Dong, Li and Mason However, our algebra A is quite different from 
the Zhu algebra of 2Ja. 



1. VERTEX ALGEBRAS 

In this section we give an abstract definition of the main objects of this 
paper — conformal and vertex algebras, and then show how they can be 
represented by generalized formal power series. Conformal algebras were 
defined by Kac |l5L see also |27], 28). The first axiomatic definition of 
vertex algebras is due to Borcherds u\, see also Q H, We recall here 
some basic properties of these algebras and develop some techniques that 
will be used in §|| and §J|. 

All algebras and spaces are over a ground field k of characteristic 0. 

1.1. Definitions of conformal and vertex algebras 

A Conformal algebra is a vector space £ equipped with a sequence of 
bilinear products ED : £ <g> £ ^ £, n £ Z + , and a linear operator D : £ — > 
£, such that the following axioms hold for all a, b, c £ £ and n £ Z + : 

CI. (Locality) a ED b = for n > 0. 

C2. D(aED&) = (Da) ED b + a ED (Db) = -na EEj] b + a ED (Db). 
C3. (Quasisymmetry) 



a\n]b = -^(-l)" +l i£> 4 (&EEE]a). 



i>0 



C4. (Conformal Jacoby identity) 



( a ED 'a ! EE! < ' = y~^(— 1)* ^ . ) | </ 1" '1 i b r ) ■ ■ /( ! , , |" -I c j 



Example. The Virasoro conformal algebra QJir is generated over k[D) by 
elements v and c, such that Dc = (and therefore all products with c are 
due to C2) and the products of v with itself are 

v\o\v = Dv, v\±}v = 2v, ii@d = c. (1) 

The rest of the products are 0. 
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A vertex algebra can be defined axiomatically as follows. Let 21 be a 
linear space endowed with a sequence of bilinear operations ED : 21 (g> 21 — > 
21, n € Z, and a distinguished element 1 € 21. Let D : 21 — > 21 be a linear 
map given by Da = a |-2| 1 . Then 21 is a vertex algebra if it satisfies the 
following conditions for any a, b, c G 21 and to, n G Z: 

VI. (Locality) a ED 6 = for n > 0. 

fo if O 0, 



V2. (Identity) 1 ED a = 5 n ,_ia, a ED 1 
V3. (Associativity) 



l 



^ (-„-!)! ~ 

aEDfe) E!Dc =y^(-l)M " )aEEl] (& !'»+' I c) 



if n < 0. 



U c 



V4. (Commutation) 

a EiD (b ED c) — 6 ED (a EID c) = ( j (a El 6) c. 

This is not the shortest possible list of axioms. See the references cited 
above for other equivalent definitions. 

For n, m 0, the associativity V3 is exactly the conformal Jacoby iden- 
tity C4. Among other properties of vertex algebras are the formulas C2 as 
well as the quasisymmetry identity C3, which holds for all integer n. So 
vertex algebras are a special case of conformal algebras. 

There is an additional axiom which is often imposed on vertex algebras, 
see H [n], |l2|, . A vertex algebra 21 is called a vertex operator algebra if 

V5. 21 = ©„ eZ 2l„ is graded so that 1 e 2l and QU ED % C 2l i+ j_ n _i. 

V6. There exists an element v G 2I2 generating the Virasoro conformal 
algebra Q3ir C 21, so that the relations ([!]) hold, where c = cl for some 
c G k. Also, v\o}a = Da, u[Da = (dega)a for all homogeneous a G 21. 
The number 2c is called the conformal charge of 21. 



In §1.5 we show that conformal and vertex algebras are precisely the 



algebraic structures formed by certain formal infinite series. 

1.2. Formal series and locality 

Let I be a Lie algebra. Denote by L{z} the k-linear span of all series of 
the form 



a(n) z n 1 , a(n) G L, AG 
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For a linear space V, let vo{V} C (glV^z} be the space of all such series 
with coefficients in the Lie algebra glV with the property that a(n)v = 
for n ^> for any fixed v € V. We call vo{V} the space of generalized 
vertex operators. It contains the space vo(V) of ordinary vertex operators, 
that involve only integer powers of z. Denote by 1 £ vo(V) the vertex 
operator with the only non-zero coefficient being 1(— 1) = id. 

The space L{z} = 0[ A j ek / Z L{z}^ is graded by the group k/Z so that 

L{z}[ A l is the space of all series of the form z~ x a\(z), ct\{z) € i[[z ±1 ]] = 
L{z}[°l. The space of vertex operators F{V} is a homogeneous subspace 
of (glV){z} and vo(V) = vo{V}M. 

A pair of series a,0 € L{z} are said to be local of order N e Z + p. |Tc| 
if (z — w) N [a(w), (3(z) ] = 0, or, equivalently, 



[a(n — s), P(m + s) ] = Vm,7iG 



The same applies for a,j3 G vo{y}. It is easy to see that if series a = 
^ A z -A aA, = "}Z\Z~ X I3\ G L{z} are local of order N, then any two 
homogeneous components a\,j3^ G L[[z ±1 ]] are local of the same order. 

Remark. The space vo(V) of vertex operators over V is a linear space over 
the field F — k.((z)) of formal power series in z. Let E D F be the field 
extension of F generated by z x for all A e k. Both F and E are differential 
fields, and E is a differential Galois extension of F, Then vojV^} is a linear 
space over E, and in fact vo-jV} = vo(V) ®f E. We observe that the 
multiplication by the elements of E does not affect the locality of vertex 
operators. 

It is possible to consider a more general extension E of k((z)), for example 
involving log 2:. Most of the results in this paper can be generalized to this 
more general setting. 

1.3. The products of formal series 

Recall that for two ordinary vertex operators a, @ € vo(V), one can 
define products £ vo(V), n G Z, in the following way. Let i w>z : 

k(w,z) — » k((w~ 1 ,z)) and i z , w ■ k(w,z) — > k((w, z' 1 )) be the expansions 
of a rational function into Laurent series at (w,z) = (00, 0) and (w, z) — 
(0, 00) respectively, so that 



(»-*)" = £(- W?) 



i>0 



n ' , . II - I 



(2) 



w z 
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Of course, if n then i w . z (w — z) n — i z , w { w ~ z ) n ■ We define 

(a\n\0){z) = Res w (a{w)fi(z) i w , z {w - z) n - /3(z)a(w) i z . w (w - z) n ^j . 

(3) 

The m-th coefficient of a HD f3 is given by 



(a\E}(3)(m) =J2(- 1 ) S ( )a(n-s)/3(m + s) 
s>0 V s / 

/ \ (4) 

-E^ 1 ) 5 _ )0(m + s)a(n-s). 



ff n ^ then the products a ED (3 make sense for formal series a,(5 £ 
L[[z ±:L ]] as well. In this case (0) simplifies to 



a\n\ 0) (m) = E(-!) S ( " ) [«(" " s )' ^ m + s ) ] 



One can solve these equations with respect to the commutators and thus 
recover the bracket in L from the products in L[[z ±1 ]]: 



[a(m), 0(n)] = ^ ( m ) (aH/3) (m + n - s) (5) 



for every m G Z + , n e Z. If a and /? are local, then (||) holds for all 
m, n £ Z. 

On the other hand, the —1-st product is given by a = + /3a+, 

where ct±(z) = a ( rl ) ^ ^ s a ^ so cane d the normally ordered 

product and is sometimes denoted by '. a[3 '. . For any n < 0, we have 
aED/3 = : (D""- 1 ^/? : , where D = d/dz : vo{F} -> vo{V} is 

the operator of differentiation. It follows that vertex operators satisfy the 
relations V2. 

Now we show how to expand these products to vo{V} and L{z}. For 
homogeneous a — z x a^ and /? = z^fio, where A, /i £ k and a>o, 0o involve 
only integer powers of z, we set 

a m = V ( A ) ( an go) ^ +A ~ 3 ■ (6) 

Here 

'A\ _ A(A-l)---(A-. ? + l) 
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Note that the summation in (^|) is finite due to the locality of a and (3, and 
hence of ao and f3 . One can easily check that the products @ satisfy the 
identity (||) if we substitute a — z x ao, [3 — z^fto for A, fj, G Z. We extend 
the definition of the products [El by linearity to arbitrary a, (3 <E vo{V} and 
a,fi G L{z} when n ^ 0. Note that aE/3 € vo{y} [A+ ^ if a <E vo{V} [AI 
and /3 € vo{F}M. 

It is clear that if a and (3 are local of order N then a[E]/3 = 0forn^iV. 
It could also be shown that (||) remains valid for generalized series as well 
if a and (3 are homogeneous and m = dega mod Z, n = deg/3 mod Z. 

We now write explicitly the formula for the products of twisted vertex 
operators a, (3 G vo{y}, analogous to (||). Let TV be the order of locality 
of a and f3. Denote 

N-n-l ,_ . 

A(u), *) = £ ^ . ) ^z-^" («; - zp , 
a j=Q ^ 3 ' 

where A runs over the set of degrees that appear in a. 
Then 

(a ED 0) (z) = J2 (^ A "a) HI /? 

A 

= EE(: a )(«e±3^)^ a - j (7) 



A j>0 v J ' 

= Resu, - z)™ - (3{z)a{w) i Z:W {w - z) n ^j A(u>, z)^ 

It is easy to see that the identities V2 hold for every a G vo{V^} and 
n g Z. 

1.4. The case of finite grading 

Of a particular interest is the case when all the degrees of a are rational 
numbers with common denominator p, i.e. 

p-i 

a(z) =^z~ q / p a q {z), a q evo{V). 

In this case we can rewrite (Q) in a different way. Some calculations show 
that 

P 1 m (~Q./p\ f w — z \ m+1 

q=Q 3 =0 V 3 ' ~ ZP ' 
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where 

1— p+m I p—X 

£ £ 

l = l-p \q=0 fc^O 



m-i+1 -, X 



Using this we get 

(a ED /?) (z) = Res lu I (a(w)0(z) i w , z {w - z) n - f3(z)a(w) i Z:W (w - z) n ^j 



w — z 



w — ZP 



N-n \ 

Fp(N-n-l) . (8) 



We also remark that the polynomial F p (m) has the following property: 



/ v I ™ (m+l)(l-p) 

F p m i i P . (9) 

1 w P — 2 P 



1.5. Algebras of formal series 

It is well known jl5|. that a subspace 21 C vo(V) of pairwise local 
vertex operators such that 1 € 21 and 21 ED 21 C 21 for all n S Z is a vertex 
algebra. Similarly, a subspace £ C L[[z ±:L ]] of local formal series such that 
£ ED £ C £ and C L is a conformal algebra. Moreover, all vertex and 
conformal algebras are obtained in that way. Now we generalize this result 
to the case of generalized vertex operators and series. 

Theorem 1. (a) Let 21 C vo{U} be a subspace of pairwise local general- 
ized vertex operators such that 1 € 21 and 21 ED 21 C 21 for all n £ 1. Then 
21 is a vertex algebra. 

(b) Let £ C L{z} be a subspace of pairwise local generalized series with 
coefficients in a Lie algebra L, such that DZ C £ and £ED £ C £ for all 
n € Z. Then £ is a conformal algebra. 



Proof. We will prove (a) , the statement [b] is proved in the same way. 
We have to show that 21 satisfies the identities V3 and V4, since VI and 
V2 hold by assumption. These identities are linear combinations of "vertex 
monomials" of the form a\ EH] . . . a/ (with some order of parentheses) 
where a;'s arc cither equal to 1 or are formal variables. We have to show 
that for any specification G 21 the identity vanishes. Note that these 
identities are multilinear. 
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Let 2l gr C vo{V} be the graded closure of 21, i.e. the minimal graded 
subspace of vo{V^} containing 21. Since all homogeneous components of the 
vertex operators from 21 are pairwise local, the space 2t gI satisfies all the 
assumptions of the theorem, so we can assume that 21 = 2l gr is graded. 

Consider all the vertex operators f3 <G vo(V) such that z x (3 € 21 for some 
A e Ik. Every two such vertex operators are local, so since the theorem 
is known to be true in the case of ordinary vertex operators, these /3's 
generate a vertex algebra 03 C vo(V). 

Let R(ai, . . . , ai) — be an identity which we have to check. Since R 
is multilinear, it is enough to check it for homogeneous a.; = z~ Xi bi, where 
bi € 03, A, £ k, 1 ^ i ^ I. Sometimes we must set hi = U and A^ = 0. 
When we substitute these expressions for ctj into R{a\, . . . , afc) = and 
a Pply we § e t a linear combination of vertex monomials of the form 

p(a x , ... z- Xi -- x 'z m (b K{1} r«a . . . 6«(o) 

where P(Ai,... , Xi) is a polynomial in Ai, . . . , Aj, m G Z, k is a per- 
mutation of {1, 2, . . . Z} and the products r«7] 's are applied according to 
some order of parentheses. We can cancel the common factor z-*i———*i m 
Now we observe that the only remaining factor in these monomials that 
depends on Aj's is P, therefore, for fixed bi, . . . ,bi the map (Ai, . . . , A;) i— > 
R(z~ Xl bi, . . . ,z~ x 'bi) is a polynomial map from k l to vo{T^}. But when 
all Ai G Z this map is equal to 0, because then Oj € vo(V) generate a vertex 
algebra which satisfies the identity R, therefore, since |k| = oo, R must be 
identically 0. □ 

Remark. There is a more conceptual argument illustrating Theorem [l]. Re- 
call that vo(V) is a linear space over the field F = k((z)), and vo{y} is 
a linear space over the field E generated over F by z A 's, see Remark at 



the end of §1.2. Let 03 C vo(V) be the vertex algebra generated over F 
by all vertex operators (3 such that (3z x belongs to the graded closure of 
21 for some A 6 Ik. Recall that a commutative algebra A with derivation 
d can be thought of as a vertex algebra if we set a ED b — for n ^ 
and aUllb = ^_ Tl 1 _ 1 ^ ! dr n ^ 1 {a)b for n < 0, so we can treat both E and F 
as vertex algebras. Recall also that there is a notion of tensor product 
of vertex algebras |lq], which can easily be generalized for the case of 
vertex algebras over some ground vertex algebra, so that one can consider 
the vertex algebra 93 ®f E. The idea is that 21 is a subalgebra of 03 ®p E. 

Note that this technique works for a more general field extension E of 
k((z)). 

Remark. The products of the generalized vertex operators were first intro- 
duced by Li in [^2|. However, he deals only with generating functions of 
these products, formulas (]?]) and (||) seem to be new. Li also proves Theo- 
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rem |l](a) using more straightforward techniques. Realizations of conformal 
algebras by generalized series were mentioned by Kac in |]l6| . 

1.6. Differentiation of vertex operators 

Assume that we are given a pair (V, D) consisting of a linear space V and 
a linear map D : V — ► V. Let A : vo{l/} — > vo{y} be the linear operator 
on the space of generalized vertex operators defined by Acj) = [D, </>]. 

A vertex operator cf> G vo{V} is said to be of weight A G k if Acf> = Az -1 ^. 
Denote by vo{F}a the space of all vertex operators of weight A. It is easy 
to see that if <f> G vo{V}a then z''</> G vo{V}\ +fl . 

In general it is not true that any vertex operator can be represented as 
a sum of homogeneous vertex operators. However the following is true. 

Proposition 1. Let S C vo{l/} be a set of pairwise local vertex op- 
erators, and let 21 C vo{F} be the vertex algebra generated by S. If 
S c vo{t/}o then also 21 C vo{V}o and if S c ©Aek v °{^}> then also 

2tc0 Aek vo{y} A . 

Proof. First of all we note that A is a derivation of all products: 

A (a ED 0) = (Aa) ED fi + a ED (A/3), 

because so are both &dD and 4-. Therefore if Aa = A/3 = then 
A(aED 0) = and the first statement follows. For the second statement, 
it is enough to assume that all the generators from S are homogeneous. A 
pair a, j3 € S can be written as a = z x ao, (3 — z^flo for some A, \i £ k and 
ao,(3o G vo{y}o- Now the statement follows from the formula @. □ 

1.7. Modules over vertex algebras 

Now we give several definitions of modules for vertex algebras. We will 
call a vector space V a module over a vertex algebra 21 if there is a vertex 
algebra homomorphism n : 21 — > vo(V). In other words, for any a, 6 G 21, 
the vertex operators n(a) and n(b) are local and 7r(aED6) = n(a) ED 7r(6), 
7r(l) = 1. We remark that sometimes what we call a module is called a 
weak module. 

If instead of a homomorphism tt : 21 — > vo(V) we have a homomorphism 
7r : 21 — > vo{V^} of 21 into the space of generalized vertex operators over V, 
then y is called a generalized module. 

Assume now that a vertex algebra 21 = 0[ A j er 2t^ is graded by a group 

T C k/Z so that 2tWED2lW C 2l[ A+ ^. Then a generalized module V 
is called twisted if the representation homomorphism tt : 21 — + vo{V^j is 
homogeneous, that is, 7r2l^ A l C vo{y}^ A l. This definition is due to Li p2|. 
Equivalently, twisted modules can be defined using the so-called twisted 
Jacoby identity, see e.g. (|, II, [l0[ |. 
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Remark. We can generalize the definition of twisted representation to the 
case when vo{V^} = F(V)®fE for an arbitrary different ial G alois extension 
E of the held F — k((z)), see Remark at the end of §L2. Note that the 
Galois group G&\(E/F) acts on vo{V} in a natural way. Let T C Aut2l 
be a group of automorphisms of the vertex algebra 21 and fix a group 
homomorphism p : T — > G&\(E / F). A representation tt : A — ► vo{l/} is 
called twisted if it is equivariant with the action of T: n^a) = p(^)ir(a) 
for any 7 £ T and a £ 21. Note that for different homomorphisms p : V — > 
G&\(E/F) we will get different categories of twisted representations. 

Assume that an 2l-module V (generalized or not) has a linear map D : 



V — ► V. Then the module V is called strong if 7r(2l) C vo{y}o, see §1.6. 
We note that if 21 contains an element v such that Y(v)(0) = D (as it is 
the case when 21 is a vertex operator algebra), and V is a module over 21 
such that tt(v) £ vo(V) = vo{V}' ', then V is a strong module. Indeed, by 
(§ we have [v{0), o(n)] = («0o)(n) = (-Da)(n) for any a G 2ll n l. 

Let again V be a module (generalized or not) over 21 and let ir : 21 — > 
vojy} be the representation map. Assume 21 is a vertex operator algebra 
and let v € 21 be the Virasoro element. We say that V is a module over 
the vertex operator algebra if V = ®„ ek Ki is graded, ir(v) £ vo(V^) and 
7r(f)(l)|y = n. As it was mentioned above, in this case V is necessarily a 
strong module over 21. 

Remark. Let 21 be a vertex algebra and let V be a strong twisted module 
over 21. Then the semidirect product 21 tx V has a structure of generalized 
vertex algebra, introduced by Dong and Lepowsky Q. The products in a 
generalized vertex algebra are indexed not necessarily by integers. If a £ 21 
and v £ V then a ED v = a(n)v and the products v ED a are defined using 
the quasisymmetry identity C3, see § |1.1| . 



2. TWISTED REALIZATIONS OF CONFORMAL 
ALGEBRAS 

In this section we consider realizations of conformal algebras by gen- 
eralized formal series. We construct the twisted coefficient algebra of a 
conformal algebra, which gives the universal realization of this type. As an 



example we consider affinc conformal algebras in §2.2 



2.1. The coefficient algebra 

Let £ be a conformal algebra. Assume that £ = ®[>] e r^' A ' ^ s graded 
by a group T C k/Z so that £M ED £^ C £[ A +^1 , DZ^ C £W . 

Define a Lie algebra Coeffr £ in the following way. The underlying linear 
space of Coeffr £ is spanned by the symbols a(n) for all homogeneous 
a £ £ and k 3 n = dega mod Z subject to the linear relations (Da)(n) = 
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—na(n — 1). The brackets in Coeffr £ are defined by the formula for 
a = a e and b = (3 € £["1. For a non-homogeneous a € £ denote 
a(n) — a\ n '(n), where is the projection of a onto the space £["1. 

This construction generalizes the construction of usual coefficient algebra 
Coeff £ = Coeff[ ] £ done in |l6], H|. If £ is a vertex algebra, then 
Coeffr £ was considered in at least when F is a finite cyclic group. 

Let 4> '■ £ — > (Coeffr £){^} be a map given by 4>(a) = X)nGr+z a ( n ) z_ ™ _1 - 
It is easy to see that <f> is a homomorphism of £ into a conformal subalgebra 
of (Coeffr £){z} such that (f>(^) C (Coeffr £){.z} [A1 . Moreover, this map 
is universal in the following sense: if p : £ — > K{z} is another homogeneous 
homomorphism of £ into a conformal subalgebra of series with coefficients 
in some Lie algebra K, then there is a unique Lie algebra homomorphism 
7r : Coeffr £ —> K making the following diagram commutative: 

(Coeffr £){«} K{z} 

\> p/ (10) 
£ 

The proof of the fact that Coeffr £ is indeed a Lie algebra and of the 
above universality property is done in the same way as in the case when 
F = 0. 

We also give another construction of Coeffr £■ Let L = Coeff £ be the 
ordinary coefficient Lie algebra of £. Let £r C L{z} be the conformal 
algebra generated by all the series of the form z n a for nek and a £ £[ n l. 
The algebra £r is closed under the multiplication by z , in fact we have 
z-\4 A] =k[z ±1 ]£[ A l 

Consider the coefficient Lie algebra Coeff £r of £r ■ Let ir C Coeff £r be 
its subalgebra consisting of all elements of the form a(0) for a G £r- In other 
words, Lp — KerD, where D : Coeff £r — > Coeff £r is the derivation given 
by a(n) > —n a(n — 1). There is a Lie algebra homomorphism Coeff £r — > 
Lr given by a(n) (z n a)(0) for a € & n \ which induces the conformal 
algebra homomorphism rj : £r — > Lrllw^ 1 ]] such that r](z k a) = w k r](a) for 
k € Z. It could be shown that r\ is the universal among all realizations 
of £r by integral formal series that commute with multiplication by the 
variable. 

We construct a homomorphism p : £ — > Lr{w} in the following way. Let 
a £ £l A l, define p{a) — rj{z x a)w~ x € Lr{w}. Clearly, p is a linear map and 
it does not depend on the choice of representative A e [A] . Now we show 
that p is indeed a homomorphism. 

Let oi, . . . , afc € £ be homogeneous elements of £ satisfying a conformal 
identity i?(ai,... ,afe) = 0. Here R is a linear combination of confor- 
mal monomials in a^'s with coefficients in k[D]. We have to show that 
R(p(ai), . . . , p(afc)) = in Lr{w}. Without loss of generality we can 
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assume that R is homogeneous with respect to the gradation by T. Let 
degaj = [Aj]. Substitute dj = z~ Xi bi in R, apply the formula (^J) and then 
cancel the common factor z~* 1 ~'"~* kk . We get an identity R\(bi, . . . , £)&) = 
0, which holds in £r C L{z}, where R\ is a combination of conformal mono- 
mials in bi, . . . ,bk with coefficients in k[D, z ±:L ]. Since r\ : £r — * ^r[[w ±1 ]] 
is a k[£>, z ±1 ]-module homomorphism, we have i?i (77(61), .. . ,T/"(&fc)) = 
in Lr[[w ±x ]]. Substitute now 77(6^) = w Xi p(ai) and apply (^|) again. After 
dividing by w Xl+ "' we get i?(p(ai), . . . ,p(ak)) — 0. 

By the universality of Coeffr £ we get a map 7r : Coeffr £ — > £r such 
that the diagram (|h]) commutes for K = L-p. 

Proposition 2. The map ir : Coeffr £ ^ is an isomorphism. 

Proof. We will show that the homomorphism p : £ — > Lr{w} constructed 
above has the same universality property as Coeffr £. Then the fact that 
7r : Coeffr £ — > ir is an isomorphism follows from uniqueness of Coeffr £■ 
Let ip : £ — > K{w} be a homogeneous homomorphism of £ into a space 
of generalized series with coefficients in some Lie algebra K. This induces 
a homomorphism : £r — > if[[iu ±:L ]] defined by 9{z n a) = w n ip(a) for any 
a € £l A l and n G A + Z. It is easy to see that 9(z n a) = w n 8(a) for every 
a £ £r and n £ Z. Hence there is a homomorphism ir — ► K such that all 
the corresponding diagrams commute. □ 



2.2. Twisted affine algebras 



We illustrate the construction of §2.1 by the example of affine conformal 
algebras. 

Let g be a Lie algebra with an invariant bilinear form ( • | • ), i.e. such 
that ([a, b] | c) = (a | [b, c]). Assume that the algebra q = ©[ A ] er s' A ' * s 
graded by a group L C k/Z. Assume further that the gradation on g agrees 
with the form ( • | • ) in the following way: 

( fl M| fl M) =0 unless A + p = 0. (11) 

Consider the Lie algebra Lr = g <£> k[T + 1] © kc, where k[r + Z] is the 
group algebra of V + Z. We will write a(n) = a® n for a £ g, n £ L + Z. 
The brackets in Lr arc defined by 

[a(m), b(n)] = [a, b]{m + n) + 5 m+nfi m (a^ c, ce Z(L r ), 

where and N* 1 ' are projections of a and b onto g[ m l and respectively. 
The twisted affine Lie algebra Lr C ir is the subalgebra of ir spanned by 
c and all elements of the form ain) for a £ g*- n '. The grading on g induces 
a grading on Lr by setting dega(n) = dego, degc = 0. From now on, if 
a €5 n £ Lr \ Lr, then we set a(n) = 0. 
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For any a £ g consider series a = J2 n er+z a ( n ) z ~ n ~ 1 G Lr{z}. These 
series are local of order 2, and together with the series c — c z° they generate 
a conformal algebra £ C Lr{z}. The products between a's are 

a^b=[a^b], U\l\b={a\b)c. (12) 

The affine conformal algebra £ is a homogeneous subalgebra of Lr{z} so 
that for a € we have a € Lr{z}^. It is independent on the T-grading 
of g. It is easy to see that Lr = Coeffr £• 

For each equivalence class [A] € T C k/Z choose a representative A S k 
such that the representative of Z is and if [A] + = 0, then either 
A = /Lt = 0orA + /i = 1. For example, if k C R, then we can take 
^ A < 1. A very important special case is when T is a finite cyclic group 
of order p, then one can take the set of representatives of T in k to be 

(0,1,2,... ,2=!}. 

For a homogeneous element a S £J^ consider the series r a = z A a G 
Lrtt^* 1 ]]- Clearly, the series r a are pairwise local of order 2, so together 
with c they generate a conformal algebra £r C Lr[[-z ±:L ]], called a twisted 
affine conformal algebra. We calculate the non-zero products of these series, 
using (pi) and Jl^). Here a, 6 € fl, dega = [A], deg6 = [[/]: 



T a mn = z A+ ^' [a, b]+Xz x+ ^ 1 (a\b)c 

_ \ z T [a,b] + A (a\b) c if A + /i^l, 

\T[a,fc] if A + /i<l, 

if A = /i = 0, 

Tallin = z x+tl (a\b)c = { z(a\b)c if X + fj, = l, 

otherwise. 

It is not difficult to see that L-p is isomorphic to the subalgebra of Coeff £r 
consisting of all elements of the form a(0), i.e., the embedding £r — > 
^rl^ 1 * 11 ]] is the universal one among realizations of £r by formal series 
that agree with the multiplication by z, see § [2.l| . 

Remark. While in general we cannot guarantee that the twisted represen- 
tation map p : £ — * Lr{w} is injective, in the particular case when £ is an 
affine conformal algebra we do know that p is an isomorphism. 




Remark. In principal, one can use the construction of §2.1 to get twisted 
representations of a vertex algebra. Namely, let 21 = 0[>] er 2l' A ' be a 
graded vertex algebra, and let tt : 21 — * vo(V) be its representation. Let 
2tr C vo{I/} be the vertex algebra generated by the generalized vertex 
operators z n ir{a) for a € 21^. Then 2lr will be closed under the multi- 
plication by z . If we have a representation rj : 2lr — > vo({7) such that 
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rj{z k a) — w k rj(a) for k € Z, then the map a i— > ?y(,2: A a)'u; _A for a € 21^ 
defines a twisted representation of 21 on U. However, in contrast with the 
conformal case, it is not clear how to construct such a representation -q of 
Sir- On the other hand, if 21 is generated by a conformal algebra £ C 21, 



then applying the construction of §2.1 to £ we can get a twisted represen- 



tation of possibly some other enveloping vertex algebra 23 D £. 



3. LATTICE VERTEX ALGEBRAS 

In this section apply the technique developed in §[l] to lattice vertex 
algebras. We assume here that the ground field is C and the group V 
is the cyclic group of order p ^ 0. We identify T C C/Z with the set 

(0,1,2,... ,2=!}. 
I ' p ' p ' 1 p J 

We remark that most of the constructions below can be done in a much 
more general setting. 

3.1. Representation theory of Heisenberg algebras 

Let fj be a k-vector space of dimension I < oo equipped with a non- 
degenerate bilinear form ( • | • )■ Assume that fj = ©AerJ2' A ' ^ s g ra ded by T 
and that the grading agrees with the form in sense of (fll|). Recall that the 
grading induces an automorphism a : fj — > f) such that crjfyM = exp(2-7ri A). 
In fact the existence of an automorphism a : t) — > rj of order p is equivalent 
to the existence of the above grading of f) by the group T = Z/pZ. Note 
that a preserves the norm on I). For h £ fj we denote by the projection 
of h onto fjW. 

View t) as an Abelian Lie algebra, and let 

H = H r = Span { a{n) \ a g t) W } Cc 



be the corresponding (twisted, unless p = 1) affine Lie algebra, see §2.2. 
It is usually called a Heisenberg Lie algebra. As in §e73, for an element 
a e f) consider formal series a = X^er+z a ( n ) z ~ n ~ ^ H{z}. These 
series, together with c, span over C[D] a copy of conformal Heisenberg 
algebra C H{z}, so that H = Cocff r .fr. The grading on f) lifts to a 
grading on H and and the automorphism a lifts to automorphisms of 
H and Sj. Recall also that there is another grading on H given by setting 
deg a(n) = —n e |Z. 

We note that (j™ C Z(H) so that H = H' ® t)™, where 

H' = Span {a(n) \ a e f), n e C x } Cc. 

Let #± = Span {a(n) \ n ^ 0} C H' . We have H ' = ff_ ffi Cc © H + . 

Now let M be a restricted -ff-module, i.e. such that for any u £ M we 
have h{n)u — for n 3> 0. Assume that c acts on M by the identity. Then 
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the vertex operators h £ vo{M} generate a vertex algebra 5Jo C vo{M}. It 
is an enveloping vertex algebra of the conformal Heisenberg algebra Sj. The 
algebra QJo is a module over the Heisenberg algebra H by h(n)x = h\n\x. 
It is well known that Q3o is the unique enveloping vertex algebra of ft such 
that c = 1. As a module over H, the vertex algebra 9Jo is isomorphic to 
the so-called canonical relations representation M(l) = U(H-)1, which is 
generated by a single element 1 such that H+l = 0. 

The vertex^ algebra 2Jo is in fact a vertex operator algebra: it is graded 
so that degh = 1 for /i £ | and it contains a Virasoro element v = 
5 Y2i=i on til where (ai,... , ag) and ,/3^) are dual bases of 

i), i.e. such that (cti\f3j) — We have vlu = -Dm for all v £ QJo, 
v\Hu— (degu)u for all homogeneous u £ Q?0: u v — and wDEI v = hi. 

An if- module V is called -diagonalizable if it can be decomposed into 
a direct sum of subspaces V = ©g£([,[o])» so that for h £ f)[°l one has 
= ^(/i). Recall [14 that an fi-module V belongs to the category O 



if V is f)[°l -diagonalizable and for any v £ V there is n £ such that for 
any x £ U(H) of degx ^ n we have xv — 0. Clearly, any module from the 
category O is restricted. 

For the future reference we cite here a result from the representation 
theory of Heisenberg algebras. 

Lemma 1. Let V be a module over the Heisenberg Lie algebra H . Let 
= {v £ V | H + v = 0} C V be the vacuum subspace of V. Then the 
following conditions are equivalent: 

(i) V = M(l) <g> fl and fi is f) I°l -diagonalizable; 

(ii) V = C7(ff)n and ft is f) [0] -diagonalizable; 

(iii) V € and is completely reducible over H; 

(iv) V £ O and there is a grading V — V n on V such that deg a(n) = 
—n and v(l)\i/ = n, where ne-z 



is the first coefficient of the Virasoro element v £ QJo ■ 

Clearly, the vacuum space ft C V is stable under the action of E)^. The 
condition (iv) means that V is a module over the vertex operator algebra 
2Jo , see § [L7[ We remark that if in (iv) we assume that the grading on 1/ is 
bounded from below, that is, there is no £ such that V n — for n < no, 
then the condition V £ O becomes obsolete. 
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3.2. Fock spaces 

Let A C f) be a lattice in f) of rank I. Assume that A agrees with the 
T-grading on f) in the sense that rkA^ = dimfjW for [A] £ T. Consider a 
central extension 

1 — — >A — ► A — ► 1 

of A by the multiplicative group $ = C x = C \ {0}. Let e : A — > A 
be a section and e : A x A — > Z be the corresponding 2-cocycle, so that 
e(a)e(/3) = e(a, /3) e(a + /3) for a,/3 £ A. Denote by i? the quotient of the 
group algebra C[A] obtained by the identification of $ with C x cC. 

The key object of the construction is a vector space V, which is a module 
over the associative algebra R and a restricted module over the twisted 
Heisenberg algebra H such that 



[h(n), e(a) ] — 6, h0 (h\a) e(a), for h G f), n £ T + Z, (13) 

and c = id. The formulas (|l^) mean that H acts on R by derivations, 
so we can form a skew tensor product algebra U(H) <g> i? such that V is a 
J7(F) <§> i?-module. 

We assume that V = 0£ e (f)[o])* V$ is fy^-diagonalizable. The bilinear 

form on A induces a homomorphism v : A — > (t)' ')* by v{a)(3 — (a\/3) for 
a £ A, (3 £ AM. The relation [/3(0), e(a) ] = (a|/3)e(a) is equivalent to 
the fact that e(a)Vj C V^ +I/ ( Q ). 



Such a module V is sometimes referred to as a Focfc space. In §3.4 we will 
make V to be a module over certain vertex algebra, under some additional 
assumptions. 

A standard way to construct a Fock space V is as follows. Let SI = 
©Ce(tj[°))* ^£ be a t)[°l-diagonalizable module over i? and fjM such that 
[h, e(a)] = e(a) for /i e h^l. In other words, Q is a module over 

a certain skew tensor product algebra £/(f^°l) <£> i?. As before, we have 
e(a)Q^ C fl^ +lJ ( a y Take now a restricted iJ-module M such that f)I°l acts 
on M by 0. Let V = M ® f2. Then V = ee(ft [oi). % V 6 = M <x> % is 
also a restricted fyM-diagonalizable _ff-module and also it is a module over 
R such that the relations ([l^) hold. 

For example, assume that V satisfies the conditions of Lemma ^ as a 
module over H. Then V = M (1) (8 SI can be obtained by the above con- 
struction for M — M(l). The vacuum space = 1 (8 f2 C F becomes a 
module over £/(f) [ °]) <g)i?. 

3.3. Twisted vertex operators 

Now we are ready to define the main ingredient of this construction — 
the vertex operator X a £ vo{V} for a £ A. Let h! = h — for h £ \). 
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We set 

X a (z) = e(a)E_(a,z)E + (a,z)z a ^ z -(«'l°')/2 ) (14) 

where 

E ± (a,z) = exp V -^-z~ n . 

— ' n 

rier+Z, n^O 

Note that a(0) = a' ' is the projection of a onto f)I°l, so that z Q (°)|-^ = 

Remark. In fact we need that V is tj^-diagonalizable only for the expres- 
sion z Q (°) to make sense. We can instead interpret z Q ' ' = exp (a(0) logz), 
and then this expression is well defined under somewhat weaker assump- 
tions, for example it is enough to require that a(0) acts locally finite di- 
mensionally. 

Proposition 3. (l9j Let h € f), n € T + Z, a, /3 e A. We have 

(a) [/i(n), X Q (z)] = (a|/i)z"X Q (z); 

(b) hED A„ = if 1 ^ n G Z + and /zGD X a = (a\h) X a ; 

(c) DX a = aE±}X a ; 

(d) v\o]X a = DX a , v\MX a = ±(a|a)A Q ; 

(e) X a (io)X ( g(z) = e(a, 0) X aj p(w, z) i m ,zY\.( w * -u 8 ze)^ " l/3) , 
where w = exp is the primitive p-th root of unity and 

X a jj{w,z) = e(a + (3) E_(a,w)E_(/3,z)E + (a,w)E + (l3,z) 

x w a (°) z ^(°) w '( a '\ a ')/ 2 z -(l 3 '\l 3 ')/ 2 . 



We have X a ,p(w,z) — Xp >a (z,w) and X a ^(z, z) = X a+ p{z) z^ a ^ ). 



The notation i w 2 in (el is a short for i 1 1 , see 

wp ,zp 



' Proof, (a) . Let ^ n e V + Z. Then 



h(ri), exp 



(a|/0* n , 



and /i(n) commutes with all the rest of the factors in (14). Also, /i(0) 
commutes with all the factors in (|lj) except e(a), whose commutators are 
given by (|l3|), so (a) follows. 
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fb"j. It follows that [h(n), X a (m)] — X a (m + n) for every to, n £ T + Z. 
Hence we have for n € Z + 



(fflI„)H=^(-l)f [%-«), X a (m + s)] 



(a|/ l )E(- 1 ) S (,)^( m + n ) = | 



if n > 0, 

(a|ft)X a (m) if n = 0. 



^ Using that {a'\a')/2 = £ A(a [A )|a), we get 



Aer 



fll„(z) = E «(n) 4(2) + X a (z) 

n<0 n>0 

+ X a (z) a(Q) z-'^A (a [A] |a) X Q 
Aer 

= - ^\{a [x] \a) z' 1 X a {z). 



Aer 



On the other hand, set a(z) = ^2 X z A cJ A l (z). The locality of a and X a 
is 1, hence, using (^j), 

5E3* q = E(^ a 5 [a] )E3a^ 

A 

= E (^ A (5 [A1 E3 4) - a z^- 1 (sw x a ) ) 

= :5X Q : - E A(a [AI |a)z~ 1 X Q (z). 
Aer 



Let us calculate u [U X a by the associativity formula V3. We have, 



using |(b)| and 



>®x a = l-j2 (e^wa^-^+Ea^- 1 )^^)) x ° 

t \s<0 s^O J 

= 5E 



The other relation is proved in the same way. 
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(e)'. Let us first calculate S — E + (a, w)E_ ((3, z)E + 1 (a, w). Since 

( a ( n ) -n\ 77 la \ ( -n 

exp —w £_(/?, z) exp ——^w 

\ n J \ n 

fw~ n \ 

= exp ad a(n) E_ (f3, z) 

V n J 

^{a^\(3) Z -^—E^(3,z), 
v 1 ' n 

we have 



n 



5 = exp £ 

0<nGr+Z 

= ex P ^ "W) E 

Ag{i,...,£^l,l} r>eA+Z+ 

Denote y = (z/w)p and let A = -, 1 ^ g ^ p. Then 

>, = / 1 T~i — \ d(z w) = p / dy. 

n I 1 — ( z/w ) I I — y p 

Using the elementary fraction decomposition 

y _ £ \ ■* _ 

1 _ y P - p Z-J 1 

we get that 



s=0 " 



E ^ = -EMi-^) 



so that 



S= [[ y) = [[(I- ui y) « 

s,q=0 s=0 

= Y[(l-^yf aW . 

s=0 

The rest of non-trivial commutation relations between the factors in 
are 

e{a)e{(3) = e(a, (3) e(a + (3), w a ^e(/3) = e(f3)w a ^ w^W, 
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p-1 

so we finally get, using that a' ' = § £ °" Sq! ! 

s=0 



X a {w)X fi {z) = s(a,f3)X a ^(w,z)w {a W S 

p-i 

!((••■ — : < 

s=0 



/ n\ xr i \ TT t - s -\(< T s<x \0) 

= e(a,p) X a> 0{w,z) i w , z JJ 



□ 



The statement |(b)| implies that X a generates a highest weight module 
over the Heisenberg Lie algebra H , where the action is given as usual by 
h(n)u — h HO u. This module is irreducible and is in fact a module over the 
Heisenberg vertex algebra 2Jo = U(H)1L. 

The Virasoro element v € QJo gives the operator 

D = v(0) = E ^( s )^(" s - 1) + £ ft ( -s ~ ' ( 15 ) 

By |(d)| the vertex operators A Q are of weight with respect to this D, see 

3.4. Lattice vertex algebras and their generalized 
representations 

In this section we construct the vertex superalgebra 23a j known as the 
lattice vertex superalgebra. 

We start with the remark that only minimal modification is needed to 
transfer all the definitions and results of §|l| and §|| to the realm of super- 
algebras. All commutators must be interpreted as supercommutators, the 
formula (j^) must change to 



(aM0){z) = Res™ ( a(w)f3(z) i w , z (w - z) n 

- (-l) p ( a ^f3(z)a(w)i ZiW {w - z) n ), 



etc. Notably, in the definition of vertex operator superalgebra the eigen- 
values of the grading derivation v(l) are allowed to be half-integer, and the 
vertex algebra 21 = Il£ i z 2l„ is graded by |Z so that the even and odd 

parts of 21 are respectively 21° = ©„ eZ 2l„, 21 1 = ©„ eZ ,i 2l„. A reader 
who is averse to supermathematics can assume that the lattice A is even, 
i.e. (a\a) S 2Z for all a £ A, see (i) below. 



Here we make the following assumptions on the data introduced in §3.3 
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(i) For any a, /3 € A the numbers m s = (a~ s a\f3), ^ s ^ p — 1, are 
integer, in other words A C f) is an integer lattice and the automorphism 
a : fj — > f) preserves the dual lattice A' = {a 6 f) | (a|A) C Z} D A. 

(ii) The cocycle e:AxA->C x is such that the corresponding commu- 
tator map is 

C(a ) /3) = e(a ) /3)s(f3,a)- 1 = (_i)H«)W)+K« [0] l/3 [01 ) w -ELl^ 8 . (i 6 ) 

Note that p(a[°]|/3[°]) = Es=i m s G z - 

The cocycle e satisfying ([If]) can be easily constructed in the following 
way. Let a\, . . . , ai be a Z-basis of A. Define e first for a, j3 € {ai, ... , a;} 
such that ( jig ) holds. This is possible since C(a 7 j3) = C{(3, a) -1 and 
C(a, a) = 1. Then, since C: Ax A^C X is bimultiplicative, the identity 
( p^| ) will continue to hold for the bimultiplicative extension of e to the whole 
A. Note that for p = 1 or 2 we have C{ol,(3) = (-l)( a \ a )W) . 

Theorem 2. Under the assumptions (i) and (ii) above, the vertex opera- 
tors X a , Xp G vo{V} are Jocai of order 

N(a,0) = max{-m s | m s < 0, 0^s<p-l}U {0}. 

They generate the lattice vertex super algebra 53 = 53 a C vo{V}, which 
does not depend on the V -grading of f) . The products of the generators are 
given by 

X a \-( a \P)-n-i\ X = x(a, P)^(D- /3(-l)) (n) X a+P , (17) 

for n > 0, and A a ED A,3 = if n ^ -(a|/3). Here 

p-i 

x(a, (3) = e(a, 0) p- (a|/3) [] t 1 w T ls ■ ( 18 ) 

8=1 

In particular, 

X a |-H/3)-i| X p = x(a, (3)X a+/3 , X a |-(g|g)-2| x_ a = x(a, a)' 1 a. 

In the case when p = 1 this is just the usual construction of lattice vertex 
algebras, see e.g. ]l2[ |l5| . 

The lattice vertex algebra 53 = aeA 23 a is graded by the lattice A. The 
subspace 53o is the Heisenberg vertex subalgebra of 03, and the rest of 53 a 's 
are irreducible modules over 53o. 
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The even and odd parts of 03 arc 

0J = 03 Q , 0J = 0J a . 

a£A: agA: 
(a|a)G2Z (a|a)£2Z+l 

We also note that 2J is a simple vertex algebra. 

Let us calculate the commutator map of the cocycle h : A x A 
given by (ph: 



p-i 

^(a, /3)x(/3, a)" 1 = C(a, f3)Y[(l- u s ) m *~ m 

s=l 

p-1 p-1 



P — J- P~ i / -, s \ 1 

= (_ 1 )(«|«)(/3|/3) + («|/3) TT^-^m. TT ( ~^ ) 
= f_l\(<x\a>)(P\P)f_l\MP), 



It follows that for different automorphisms a all resulting cocycles xr are 
cohomological and define certain class xr £ H 2 (A,C X ). Therefore, the 
vertex algebra 23a C vo{y} generated by X a 's is indeed independent on 

<7. 

Remark. If is not an integer, then the vertex operators X a and Xp 

are not local. However, they are local in a generalized sense, and they 
generate a generalized vertex algebra |3|, mentioned at the end of §1.7. 
One can define products X a ED Xp for n= — (a\0) mod Z. 

3.5. Proof of Theorem | 



The assertion about locality follows from Proposition 3(c) and the for- 
mula 

(w — z) = J^J (w~P — U S Zp). 
s=0 

Denote by V(m) = { r = (r l5 r 2 , . . . ) | r, ^ 0, X)i>i — m } the se t 
of partitions of m £ Z. Some standard combinatorial argument shows that 
([l?]) can be rewritten as 



reV(-(u\P)-n-l) J>1 ^ 

where n < — (a\f3). 
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Consider the operator 6 — i w>z — i z>w : C(w, z) — > C[[w , .z ]], see (g). 
It is easy to see that 5(g) = if and only if g G C[io ±:l , z ±1 ]. In this case 
g commutes with 5: S(gf) = g5(f). We will also make use of the following 
formula. For any formal power series f(w, z) in the variables w, z one has 



Res, 



,( K f(w,z)5{w-z)- k - 1 ) 



1 d k 



kl dw k 



f(w,z) 



whenever both sides make sense. 

Let n = — (a\P) — k — 1. We calculate the product X a ED Xp using 



and Proposition 3(c) 



(X a [n]Xp)(z) = Res w {(x a (w)Xp{z)i w , z (w - z) n 

- (-l)^ a)W) Xp(z)X a (w) i z , w {w - zY 



p-i 



x F(N + m + k) TT (wp 
e(a, P) Res™ ^X at p(w, z) F(N + m + k) 

x J^J (wp — lo s zp) n 5 j^J (w~p 



P — LO ZP 



P — LO ZP 



8=1 



s=0 



e(a,/3)Res i \X aj p(w, z) w p F(N + m + k) 



p-i \ 

n, 1 , i\m e +N r/ 1 lx-fc-1 
[WP — LO ZP) u (w p — Z p ) 

s=l / 



1 d k 



rc - (atop) 



wp =zp 



p-1 



X a ,p{w, z) w L p~F(N + m + fc) JJ (wp 



LO Z p 



(20) 



s=l 



We use here that Res^ = Res i w j> . Note that ./V + m s for all 

to P 

Set 



p-i 



B = w"p F(N + m + k) TT (wp 
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Recall that there is an operator D : V — ► V given by (15), such that the 
weights of all vertex operators X a are 0, see § L£ . Using ( |) and the formula 
Yl^Zi (l — = P> we calculate 



p-i 



B I i ! = P - m - fc TT(i-^) m '^ (Q ' l ^ fci f £ ) 

s=l 

hence wtS I i i = — (a' 1/3') — fc 2 — k Since i? is a Laurent polynomial 

> w p=zp P 
1 1 

in w p and zp, we get that 



wt • 



(puip) 1 



x x 

wp =zp 



B = -(a'\(3')-k?—^--. 

P P 



L et us now calculate the derivative of X a ^, as in the proof of Proposi- 
tion 



2 c 



r A ai/3 (w, z) = pw p —F a ^(w,z) 

dwp ® w 



pw"p (:aX a> : - ^(a'\a')w 1 X a ^ 



Iterating this formula and using the fact that X a g(z, z) = X a+ p(z) z^ a \& \ 
we get 



1 d l 



_ p z y ,H, Z P L(r l! r 2 ,...)eT , (i) llfel \~ jT~ ) A a+P 

+ a sum of terms of the weight less than i 2^- + (a'\(3 r ). 



x i 

U)P =ZP 



(21) 



Now expand (|20|) using the Leibniz rule and (|21j), and note that the only 
term of weight in this expansion is the biggest weight term in 



/ 1 d i 
\ 1 ' (dwp) 



x x 

wp =zp 



which is precisely the right-hand side of the formula ( |T^ ) . This finishes the 
proof of Theorem 0. □ 
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Remark. One could have used the theorem of Li and Xu [Q on character- 
ization of lattice vertex algebras to show that the vertex algebra generated 
by the vertex operators X a E vo{V} is isomorphic to the lattice vertex 
algebra. They consider only the case of an even lattice, but one can eas- 
ily generalize their result to the case of a non-trivial odd part. It is easy 
then to deduce the product formula ( |l9|) but this proof would not give the 
explicit formula (18) for the cocycle k. 

Dong and Lepowsky |t| have constructed all twisted modules of 93 a for 
the case when A is even, see §[L7] for the definition. They used, however, 
completely different techniques, in particular, they didn't get the cocycle >c 
explicitly. Some special cases were also considered in [|[ |) . We will study 



twisted modules of 93 a in §3.7 



Corollary 1. Let U C V be a V (H) <g> R-submodule of V . Then U is a 
submodule over the vertex algebra 93a- 

3.6. Do we get all generalized modules of 9Ja? 

In this section we show that in fact the construction of Theorem || ex- 
hausts all reasonable modules of 93a- A similar argument was also used in 

§HE§Ei- 

Let V be a generalized module over the lattice vertex algebra 93a which 
is twisted as a module over the Heisenberg algebra 93o This means that for 
any homogeneous h £ t)^ the corresponding vertex operator h £ vo{V}^ 
is also homogeneous. Then the V is a module over the twisted Heisenberg 



algebra H, such that c acts as the identity, see §3.1. 

Assume that V = ©£ £ (i,[oiv. ^£ is f)'°'-diagonalizable, though as in the re- 
mark preceding Proposition |3|, we note that this assumption can be relaxed. 
We will show that 93A-module V can be obtained by the construction of 



3.4 



For oeA define 

e(a) = £L(a, z)- 1 X a (z)E+{a, z )-i z -«(o) z («V)/2. 



Using the same calculations as in the proof of (a] and |(c)| of Proposition || 



we see that j^e(a) — and [h(n), e(a)] = 8 n ^ (h\a) e(a), so that the 
relations ([l^) hold. Now we want to show that e(a) : V — > V generate an 
action of the central extension A of the lattice A corresponding to a cocycle 
e : A x A — > C x satisfying (Il6[). It will follow that V is a module over the 



skew tensor product U(H) <g) R introduced in §[3.2 
Modifying slightly the proof of Proposition |[ 



we get that 



X a (w)X p (z) = e(a)e(P)X' ajff (w,z) J] 



/ 1 s l^(cr- s a\f3) 

\WP — w z*) 



s=0 
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where 

x w a ( a ) z P(°) w -( a '\ a ')/ 2 z-tP'W')/' 2 

is symmetric, X' a g(w,z) — X' ga (z,w), and also e(a + /3)X' a 3 (z, z) — 
X a+p {z)z^'\P'). ' 

Take N sufficiently large. Then, since X a and Xp must be local, we get 

= (x a {w)X {z) - (-1)H«)(W) x p (z)X a (wj) (w ~ z) N 

p-i 

= (e(a)e(/3) - C(a,f3) e{P)e{a))x' a ^{w, z) J] (wi - c^)" s 

s=0 

for some n s £ Z + and C(a,j3) as in (]l6|). But this can only happen if 

e(a)e(f3)=C(a > {3)e((3)e(a), 

because otherwise we get X' a p(w, z) [w — z) n = for n — max s n s , and 
this is impossible since X' a „ is regular at w = z. 

Now we can apply the calculations ( |20| ) to the product X a UB Xp for 
n = — (ct\(3) — 1. Similar to ( f2(i|) we get that 

p-i 

e(a + (3)X a \n]X p = e{a)e{0) p-H« J] (l - ( " Sq|/?) X q+/3 . 

s=l 

But we know that X a \n\ Xp = x(a, (3)X a +p in 33a, therefore 

e(a)e(j3)X a+ p = e(a, f3)e(a + (3)X a+ p, 

hence e(a)e(/3) = s(a,f3)e(a + (3). 
So we have proved the following 

Theorem 3. Let V be a generalized module over the lattice vertex su- 
peralgebra 2Ja such that h £ vo{F}[ A l for h £ f)M. Assume that is 
fjM-diagonahzabie. Then there is a unique action of the extended lattice A 
on V such that for every a £ A the highest weights vectors X a £ 2J a act 
on V by the vertex operators ( [l4| ) . 

It follows from Theorem || that a Q3A-submodule U C V is a U(H) <g> i?- 
submodule of V. Combining this with Corollary [j], we get the following 
statement. 
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Corollary 2. Assume V is an irreducible module over U(H) ® R, satisfy- 
ing the assumptions of Theorem ^. Then V is an irreducible module over 
the vertex algebra 5Ja- Conversely, let V be a module over Q3a, satisfying 
the assumptions of Theorem^ Then V is an irreducible U (H) <g> R-module. 

3.7. Twisted modules over lattice vertex superalgebras 

In this section we study twisted modules over the lattice vertex algebra 



57 = 53a, sec § |l.7| for the definition. As in §3.3, we fix a p-th primitive root 
of unity u> = exp (^f) . 

Assume that the automorphism er : t) — > fj preserves the lattice A. Then 
cr induces an automorphism a : Q3o ~~ * 2Jo °f the Heisenberg vertex algebra, 
see §|3.1| . Let a : 23 — > 23 be an extension of this automorphism to the 
whole vertex algebra 23. It is easy to see that aX a = Lp(a)X aa for some 
1-cocycle <p : A — » C x such that 

d(p{a,0) = - = — - — 3T-. 

<p(ot)<p(0) x(a,p) 

Since a preserves the norm ( • | • ) on t) and 

^a^x^a)" 1 = (-l)( a l«)^l«(-l)(«l/ 3 ), 

< (era,er/3) 

t unc V/U^juc 

to dipo for 

x(<xa, era) 



we see that the cocycle is indeed symmetric and therefore equal 



The formula ( |l8| ) implies that 

x{aa, a/3) e(aa,aP) 
xr(a,/3) e(a,(3) 

therefore the map e(a) i— » y(a) e(cra) defines an automorphism of the al- 
gebra R = C[A]/ ($ = C x ). And vice versa, any such automorphism of R 
defines an automorphism of 23. 

Remark. In general, when the order of a is p, the order of a : 03 — > 23 may 
not be equal to p, in fact it may not be finite at all. However, the extension 
corresponding to tpo is of order p. Indeed, 

a p X a = ip (a)(po(cra) ■ ■ ■ </J (o- p ~ 1 a)A ce 

>t(oa, aa)x(cr 2 a, a 2 a) ■ ■ ■ >c(a, a) 



x(a,a)>c(aa,aa) ■ ■ ■ x(a p 1 a,a p x a) 



X a — X a . 
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Now we show how the vertex algebra 03 is decomposed into a sum 
of the root spaces of a. Consider the action of a on a linear span 
Span{ X a , X aa , . . . , X aP -i a } of the a-orbit of X a . It is easy to see that 
the eigenvalues of a on this space are all the different roots 

fj,(a) = y/ip(a)(p(aa) ■ ■ ■ ipia^a). (22) 

Fix such a root \i = fJ,(a). The eigenvector corresponding to the eigenvalue 
(U u) J for some ^ j ^ p — 1 is 

p-i 

Yj = Y,^ S k s X a s a , (23) 

s=0 

where k s = p,~ s ip(a)(p(aa) • ■ • ip(o~ s ~ 1 a) for s > and fco = 1- 

So we deduce that 03 = ©^gc* ^ ^ s decomposed into a direct sum of 

the root spaces of a such that <?|gj = p. 

Let V = ©^((jio]). be a generalized fj^-diagonalizable 03-module. 

Denote by 5 = { £ G (f) [0] )* | V£ ^ 0} the set of weights of V. By 

Theorem || there are operators e(a) : V — » V, a g A, that define an action 

of i? on V, satisfying the commutation relations (|l3|). 



Theorem 4. The WJ-module V is a-twisted if and only if for every a G A 
there is a number n(a) G C x , given by (^2|), such that 

(i) e(cr s a) = fe^T 1 e ( a ) ^ or every ^ s ^ p — 1 and 

(ii) f (a(0)) = V i ; - A mod Z for every £ G 5, 

where p is the length of a-orbit of a, k s are given by ( p3f ) and A = 
In u(a). 

27TI I 

The condition (i) means that e(cra) = /x(a) y(a) _1 e(a) for every a G A, 
where the root fi(a) is the same for all a's in a same er-orbit. We also note 
that it is enough to impose (i) and (ii) only for a running over an integer 
basis of A. 



Proof. Fix a root fx — (j,(a) satisfying (f22|), and let A = ^jln/x. Let 
7r : 03 — > vo{V} be the representation map. Then 7 is a twisted 23- 
module if and only if 7r(03 M ) C vo{y}[ A l. It is enough to require that 
Yj G vo{V t }[Q'/p)+ a 1 where Y} is (the image under 7r of) the eigenvector of a 



given by (23). Moreover, it is enough to require this only for a finite set of 
generators of 93, for example for all the Yj's corresponding to the u-orbits 
of an integer basis of A. 
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Set X a (z) = E-{a,z)E + {u,z) C vo{V} so that (see §|J) 
X a =e{a)X a z «(o) z -(<*V)/2. 

o 

Set also Yj — J2 P s =o v~ 3s e(a a a)X (r s/ a ) and then 

y _ y . z a(0) z -(oi'|a / )/2, 

O 

It follows that the field Yj G vo{^} is homogeneous if and only if Yj is 
homogeneous and the values £(a(0)) are the same modulo Z for all £ e S. 

o ° 1 

Assume that Yj is homogeneous. Since X a (z) G 0g=o vo {^}^^' we 

o 

have Fj e v0 {^].[(q , +j)/3'] f or somc < < p - 1. Let r be the auto- 
morphism of (B^Zq vo{y}I 9 / p l such that T"| V o{V^}^/ p l = CJ ' 3 - ^ ^ s easv to 

o o 

see that X aa = t X a . Take some m = — ^ mod Z. Denote by a; s the 

o 

coefficient of z rn in X CT s Q . It follows that x s = ui rs xo. li r ^ q + j mod p, 

o 

then the coefficient of z m in Yj is equal to 0. This gives us the following 
system of linear equations: 



p-i 

E 

s=0 



cj (r ^ s k s e(a s a) = for < r < p - 1, r^q + j mod p. 



Since fco=l, the solution of this system is e(a s a) — u qs fc.T 1 e(a). Taking 
p cu q instead of p we get exactly (i) . 

The condition (ii) follows from the fact that in order to have degYj = 



2- + A wc must have 

p 



t( lc\\\ i a '\ a ') \ 1 ( a 'W) 1 i I q\ ,» 

W) = L J p = ~ %vi ^ > 

for all (eS. □ 

It follows that sometimes the lattice vertex algebra 03 = 03 a has no 
twisted representations that agree with an automorphism a : A — > A. 
Recall that C:Ax A^C X is the commutator map given by 



Corollary 3. Jf for some a € A and ^ j ^ p — 1 we have C(a, cr^a) ^ 1, 
then there are no non-trivial twisted modules of 03 a corresponding to either 
of the extensions a : 03 a — > 53a of a. 
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Proof. Set (3 = a^a. If C(a,f3) f 1, then e{a)e(fi) ^ e((3)e{a). Yet by 
Theorem |[ we have e(a)e(/3)~ 1 € C x . Therefore, i? acts by on every 
twisted Q^A-module, hence by Theorem [| so does 2Ja- □ 

3.8. Semisimplicity of twisted representations 

Consider the category of fj^-diagonalizable a- twisted modules V over 
07 A such that V satisfies the conditions of Lemma as a module over the 
Heisenberg algebra H. In particular, V must be a module over the vertex 
operator algebra QJa- Note that if V = ® V n is a a- twisted module over 
the vertex operator algebra 03 a such that V n = for n < 0, then V € Og-. 
The latter modules appear in the representation theory of vertex algebras 
quite often, in particular in connection with the Zhu theory [2{| . 

Note that by Corollary ||, the category 0„ can sometimes be trivial. 

Theorem 5. The category 0„ is semisimple with finitely many isomor- 
phism classes of simple objects. 

In order to prove this theorem we have to study the quotient algebra 
A of R = C[A]/ ($ = C x ) modulo the ideal generated by relations (i) of 
Theorem [|. 

More precisely, let II C A be a finite set of vectors, closed under o~ and 
spanning A over Z. For a G II choose the roots given by j22]), such 

that //(a) = fi(j3) if a and (3 lie in the same cr-orbit of II. For x G R 
denote by x its image in A. Then the algebra A is generated by the set 
{ e(a) | a G II} subject to relations e(aa) = (i(a) (/>(a) -1 e(a) for all 
a e II. Hence A depends on the cocycle <p : A — > C x , which determines 
the extension a, and also on the choice of roots [J>(a) for every tr-orbit of 

n. 

Note that the relations (i) of Theorem |^ belong in fact to the group A. 
Let G be the quotient group of A modulo the normal subgroup generated 
by these relations. Then A = C[G]/ ($ = C x ). 

Let v : A — > (f)' ') be the map given by v(a)h — (a\h). Then v(A) is a 
sublattice of the dual lattice to A^ . The algebra R is graded by ^(A) by 
setting dege(a) = v(a). We observe that if a, j3 € A belong to the same 
cr-orbit, then v(a) — v{(3). It follows that the relations (i) of Theorem || 
are in the kernel of the composition map A — > A — > f(A), which therefore 
induces a homomorphism G — > ^(A), and this makes C[G] and ^4 graded 
by v{h) as well. 

Proposition 4. The algebra A is v(K)-graded semisimple. 

Recall that a graded algebra is called graded semisimple if it is semisim- 
ple as a left graded module over itself. Like in a non-graded case, an algebra 
is graded semisimple if and only if it is decomposed into a direct product 
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of graded simple algebras, the latter by a graded version of the classical 
Wedderburn theorem are isomorphic to matrix algebras over graded divi- 
sion algebras. If an algebra A is graded semisimple, then the category of 
graded i?-modules is semisimple, i.e. every module is completely reducible. 
The simple graded ^-modules are the simple homogeneous ideals of A with 
a possible shift of degrees. 

Similar to the non-graded case, the graded Jacobson radical J g i(A) of a 
graded algebra A is defined to be the intersection of all maximal graded 
left (or right) ideals. It is a standard excercise to prove that J g r(A) is in 
fact a double sided ideal that acts by on any simple graded A-module. If 
J ST (A) = that A is called semiprimitive. 

The algebra A is called graded (left) Artinian if all strictly decreasing 
chains of graded left ideals are finite. In this case J gT {A) is an intersecton 
of finitely many left maximal ideas. If A is graded Artinian and J gr (A) = 
then A is graded semisimple. 

For the non-graded case all this is a classical theory presented in most 
graduate algebra textbooks, like Jacobson's Basic Algebra For the 

graded case the references are much more scarce, see, however, p5[ . 

We will use the following rather obvious fact: A homomorphic image of 
a graded semisimple algebra modulo a homogeneous ideal is again a graded 
semisimple algebra. 

Proof of Proposition^. Let II = |J" =1 IF, be the decomposition of II into 
a disjoint union of er-orbits. Choose some ctj S IF, for every 1 ^ j ^ n. 
Fet Xj = e(ctj) € A. Fhen the set x^, . . . ,x^ is a set of generators of 
A. We note that XiXj — eg XjXj for = C(aj,ay) € C x , where C is the 
commutator map given by (jig). 

Fet £j = degay = v{a,j) € ^(A). It is easy to see that £j = if and only 
if J2aeu a = 0- We can assume that £i, . . . ,£ m ^ for some m ^ n and 
Cm+i = ■ ■ ■ = £,n = 0. Clearly, £j's span v{K) over Z. 

Assume also that our choice of II yields the minimal possible value of m. 
We claim that in this case £i, . . . £ m is a Z-basis of ^(A). Indeed, otherwise 
there is an invertible matrix M S SL(m, 1) such that the m-th column 
°f (£i ' ' ' Cm) M is 0. Fet a'j be the j-th column of (a\ ■ ■ ■ a m ) M for 
1 < j < m, and let II' be the closure of {a[, . . . , a' m } U LT m+ i U • • • U LT n 
with respect to the action of a. Then II' is a generating set of A, closed 
under a and, since v(a' m ) = the number of cr-orbits in II' with non-zero 
degree is at most m — 1 . 

Suppose there is a linear relation between elements of II of the form 

n p—1 

r i s gS(x i = °' r 3 s G z - 

j=l s=Q 
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In R this relation becomes Y\j s e(a s aj) TjB — 8' ', where 9' £ C 
of some values of the cocycle e. In A this relation becomes 



is a product 



n 



s=0 



for some other constant £ C x . 

For m+Kj^nwe have ^ s <7 s oy 



0, hence in A we get the relation 



"j - "j 

= 1. 



G 



By the change of variables Xj i— > 



-i/p 



we can make 



A look at the formula ( |l6| ) for the commutator map C shows that if 
YT s =o <ySa = f° r some A, then C(a, f3) p — 1 for any other (3 £ A. 
Summing up, we get that A is a homomorphic image of the algebra 



B = 



±i 



„±i 



= 1 for 



; for 1 ^ i,j ^ T! 
m + 1 < j < n 



where cy = 



for 1 < i, j < ra and c?. = 1 if either i > to or j > to. 



The ^(A)-grading on i? is defined by deg£j = for to + 1 ^ j ^ n and 
degXj = £y for 1 ^ j ^ to where £i, .. . is a Z-basis of ^(A). It is 
enough to show that B is z/(A)-graded semisimple. 

Let £ = + . . . + k m £ m , ki £ Z, be an arbitrary vector in f(A). 
Denote by B^ the homogeneous component of B of degree £. Note that the 



element x^ 



ki 



£ B^ is invertible. For a graded subspace I C B 



denote by 1% the homogeneous component of I of degree £. 

The component Bq is the homomorphic image of the group algebra of 
finite group 



G = ( x k ,Ci 



to + 1 < i,j,k < n, x p k — Cy = 1, Cij 

XiXj — Cij XjXi, XkCij — CijXk 



By Maschke's theorem (see e.g. |lj|), C[Go] and hence Bo is a finite di- 
mensional semisimple algebra. 

We claim that if /, J C B are two graded left ideals such that Iq = Jo, 
then I = J. Indeed, if b £ 1%, then x~ x% b £ Iq — J , hence b = x^x~^b £ J^. 
It follows that B is graded (left) Artinian. 

Let / C B be a graded left ideal. Then / is graded maximal if and only 
if Iq is a maximal ideal of Bq. Therefore, since J(Bq) = 0, we must have 
J gI (B) — 0, and that finishes the proof. □ 

Remark. (D. Passman) The argument above shows in fact that if B = 
Bq * G is a crossed product of an algebra Bq with a group G, then B is 
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G-gradcd Artinian if and only if Bq is Artinian, and also J gr (i?) = if and 
only if J(B) — 0. The same is true if B is a strongly G-graded algebra. 
See e.g. [O, Q for definitions and further results. 

Proof of Theorem 0. Let V € ■ By (i) of Lemma [I] and Theorem [| 
we have V = M(l) ® SI, where SI is ^(A)-graded module over A. Hence it 
follows from Proposition || that SI is decomposed into a direct sum of graded 
irreducible A-modules, and Corollary || implies that QJ is decomposed into 
a direct sum of irreducible QJA-modules. 

A 2J- module V = M(l) (g) S 0^ is simple if and only if SI is a simple 
i/(A)-graded A-module. Such 17 must be isomorphic to a simple homoge- 
neous ideal of A up to a shift of weights. The weights of S7 are restricted 
by (ii) of Theorem ^. We claim that a simple object of 0% is determined 
up to an isomorphism by a choice of roots fj,(otj), given by J2^), for each 
generating cr-orbit ILy 9 ola of A, a choice of simple homogeneous ideal 51 
of A and an equivalence class rj S (A'°])'/f(A). 

Indeed, assume all these choices are made. Since the extension a is fixed, 
the choice of /i(oy)'s determines the ^(A)-graded semisimple algebra A. 
The set 5 = { £ e (f) [0] )* | Sl e ^ } is an equivalence class in (fj[°l)*/i/(A). 
Let £ e (f) [0] )* be such that £(a(0)) = |(a'|a') - ^- ln^(a) for a e A. By 
Theorem |] (ii) we have that S = £ mod (A^)' , so now we further specify 
S = £ + ?y mod v(K). 

It follows that there are at most finitely many isomorphism classes of 
simple objects in 0„. □ 



3.9. Examples 

Example 0. If a = Id, then v{h) = A, since the form is non-degenerate, 
and A = R is a A-graded division algebra. The automorphism id : 03 a — * 
03 a is defined by choosing an arbitrary values jij = <p(otj) G C x for a basis 
oti,... ,ai of A. The simple objects of of category are parametrized 
by A'/A, which agrees with the result of Dong Let £ S f)* be the 
functional defined by = hi fJ-j- Then the simple object of category 

Or-, corresponding to an equivalence class 77 S A'/A is M(l) £g> C[A], where 
C[A] is graded such that its set of weights is equal to rj + £ + A. 

Example 1. A more interesting example is when a = — 1. In this case 
take LI = {±ai, . . . , ±a;}. The grading is trivial, since AM = 0. One can 
choose the cocycle e so that s(aj,aj) — 1 and then (p(—aj) — ip(aj)^ 1 , 



hence (|22j) gives fij = ±1 for all 1 ^ j ^ I. Set Xj = e(cty) £ A, then 



A = C[xi, ... , xi] / (xiXj = c i3 XjXi, x? = jij4>{aj)) , 



3G 
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where aj = (— l)( Qi l Qi H a jl Q j)(— l)( Qi l Q j). So A is a semisimple algebra of 
dimension 2 l for any choice of ip and A simple module V € is 
decomposed V — M(l) £g) f2, where f2 isomorphic to a simple ideal of A. 
This case was studied in 

We remark that —1 is an isomorphism of any lattice A. When A is the 
Leech lattice, a certain — 1-twisted module over QJa is used to construct 
the Moonshine vertex algebra , see . 

Example 2. Take A = Za + Z/3 and let a be the rotation a t—> j3, 1— > 
—a. Then we must have (a|/3) = 0, (a|a) = As in the previous 

example, A^l = 0, so the grading is trivial. The formula Jl6| ) yields C = 1, 
therefore the cocycle e is trivial and hence ip : A — » C x is a character. 
Set (^(a) = <pi, ip([3) — if2- The lattice A is generated by a si ngle orbit 
{a, ( 3, — a, — (3], and for that orbit \i — \f\ by (|2^). Set x — e(a), y = 
e(/3) S A. Then relations (i) of Theorem || give y = [np^x, x" 1 — [itp^y, 
therefore A — C[x]/ (x 2 = p?Lp\<p-2). It follows that there are exactly 2 
irreducible a- twisted Q^A-modules for every extension a : 5Ja — > 5Ja. 
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